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THE PERIODS OF EICHLER INTEGRALS FOR KLEINIAN GROUPS
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ABSTRACT. We shall give period relations and inequalities for Eichler

integrals for Kleinian groups   T which have simply connected components of

of the region of discontinuity of r.   These are a generalization of those for

abelian integrals.   By using the period inequality, we shall give an alternate

proof of a result of Kra.

0.  Introduction.   Let T be a nonelementary finitely generated Kleinian

group, and A.   a simply connected component of the region of discontinuity fl

of r.

M. Eichler [4], L V. Ahlfors [2], L. Bers [3] and I. Kra [5], [6] have repre-

sented periods of Eichler integrals as polynomials of degree at most 2q - 2, q >

2 being an integer.   By this method, however, period relations for Eichler inte-

grals are very complicated even when T is a Fuchsian group of the first kind

(Eichler [4]).   On the other hand, G. Shimura [7] has regarded the periods as col-

umn number vectors of length 2q - 1.   In his paper he gave a certain period re-

lation for Fuchsian groups.

By using Shimura's idea, we shall give period relations and inequalities for

Eichler integrals for Kleinian groups.   These are a generalization of those for

abelian integrals.   The main results in this paper are Theorems 1 and 2.

We shall state some notations in §1 and some lemmas in §2.   In §3 we shall

prove Theorem 1 and in §4 we shall state the period relations and inequalities,

and give an alternate proof for the Kra result [5].

The author wishes to express his deep appreciation to Professor I. Kra, K.

Mathumoto and K. Oikawa for encouragement and advice.

1.  Notation.   Throughout this paper Y denotes a nonelementary finitely

generated Kleinian group with a simply connected component A.  of the region

of discontinuity ß of Y.   We denote by A the limit set, X(z)|i/z| the Poincaré*

metric on Q.  Let q > 1 be an integer.   Set A = U^ er A(Aj).   It is a well-known

fact (cf. [l]) that A/r is a Riemann surface which is obtained from a compact

Riemann surface, denoted by A/r,   by deleting a finite number of points.   It is
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also known that A is a (disconnected) covering surface of A/T which ramifies

over only a finite number of points.

We denote by R" and C" «-dimensional vector spaces over R and C, respec-

tively, n > 0 being an integer.   We regard an element in Rn (Cn) as a matrix with

n rows and 1 column.  We consider an element of T as a matrix A = (" ¿) with

ad - be = 1.  We denote by GL(t72, C) the group of m x m invertible matrices over

C.   Let (") be a vector in C2.   For each n = 2a - 2, we denote by (")" the vec-

tor in C"+1 whose components are un, un~X, •••, uvn~X, vn, where (£)° = 1.

For A £ T we set CAA = A(")  and define MiA) eGLin + 1, C) by
vA

GJ--Ö-
The following is due to Ahlfors [l].  Let A/T = 5 - lp| where S is a Rie-

mann surface and p £ S.  U there is a punctured neighborhood zVl(p) of p such

that it is unramified over zM(p), then there exists a parabolic transformation A e

r with fixed point s £ A, and there is a Mobius transformation B with the fol-

lowing properties:   (1) B(oo) = s and B-1AB(z) = z + 1, z £ C, (2)  B'^Aj) con-

tains a half-plane  1/      .       = {z £ C|lm z > c\, fot some c > 0,  (3)  two pointsB*- t A ß

zl and z2 of ß(UB_i/4ß) are equivalent under T if and only if z2 = Am(zj) for

some integer ttz, and (4)  the image of B(f      .      ) under n is a deleted neigh-
ß — z A ß

borhood of p homeomorphic to a punctured disk.   We call W^ = B|z £ C|  0 < Re z

< 1, Im z > c\ a cusped region belonging to p.

A mapping x: Y —♦ C2*-1 is called a cocycle if X^g = 'MiB)yA + yg fot

A, B eT, where 'zVl(B) is the transposed matrix of zM(B).  A cocycle x: ^ —>

C2q~x is called a coboundary if there exists V £ C2g~x such that v. = 'zVf(A)V

- V for any yA eC2*"1, A e T.   Then the first cohomology group Hxir, C2*-1, M)

is the space of cocycles factored by the space of coboundaries.   A cohomology

class P e H  (T, C2q~ x, M) is called A-parabolic if, for every parabolic trans-

formation B € r corresponding to a puncture on A/T, there is a V £ C2*"1 such

that PB = 'zM(B)V - V for some (and hence every) cocycle that represents P.   The

space of A-parabolic cohomology class is denoted by Pt7^(r, C2,_1, M).

For an m x n matrix N = ia..) (z = 1, 2, « • •, n; j = 1, 2, •.•, m) matrices

N and W are defined by Ñ = (â\.) and AÍ = iam_i+u_.+l), respectively, where

5\. is the complex conjugate of a...

A holomorphic function (p on A is called an automorphic form of weight

(- 2q) on   A, a > 1, if <p(A z)A'(z)q = cbiz) for all A eT.   For q > 2 an automor-

phic form <£ of weight (- 2a) on   A is called integrable if

// A(z)2-«|<p(z)|aWy < «.

A/r
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We denote the Banach space of integrable automorphic forms on A by z4^(A, D.

The form cp is called bounded if

sup{X(z)-?|r¿(z)||zeA|<~.

The Banach space of bounded automorphic forms on A is denoted by B (A, D.

For cp e A (A, D and tp e B (A, D, we define the Petersson inner product by

icp, tp) = ff Xiz)2-2qcpiz)ifAÄdxdy,       q>2.
A/r

For q = 1 we shall interpret Aj(A, D and Bj(A, D as the Hilbert space of

square integrable automorphic forms of weight (- 2) with inner product defined by

i<P,tp)= jf cpizjJÁzAdxdy.
A/r

A holomorphic function E on A is called a holomorphic Eichler integral of

order (l - q) on A if EiAz)A'iz)x~q - Eiz) eII29_2on A, for all A e V, where

IL-   2 is the vector space of polynomials of degree at most 2q - 2.  We shall

say that an Eichler integral E of order 1 - q is bounded if cp = D2q    E e B (A, D,

where D means differentiation with respect to z.  The projection of cp to A/r

is then a meromorphic ^-differential on A/r with order > - iq - 1) at the punc-

tures on A/r.  An Eichler integral E on A is called quasi-bounded if the pro-

jection of D q~ E to A/r can be extended as a meromorphic zj-differential to

A/r whose order at a puncture is > - q.  The space of bounded Eichler integrals

modulo II29_2 will be denoted by PEj_?(A, D. Similarly Ej_ (A, D denotes

the space of quasi-bounded Eichler integrals modulo IL     -.

Let / £ Ej_9(A, Y) and E a representative of / and set D2q~lE = cp. We
set

and set

f„-jM = É «- &MU - k)l)z'-kD2q~2-kEÍz)
z«=0

77       1

(l) fW- I '' = 77      2

- C     ,
n   n- 1

t i

g(z) = Z'f(z) and <u(z) = ^(zX^Vz, where nC. - «!/(« - 1)1/!. We call f(z) and

SU) column function vectors of length n + 1 associated with E. For each A e T

we define X^ and PA by
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XA= f(Az)-M(A)f(z)

and

P/i = 'M(A)8(Az)-g(z)

and denote them by pd^ (f) and pd^ i%), respectively. We call X^ and PA pe-

riods of fand 3 f°r A e T, respectively. The mapping A r-> PA satisfies P. _

= 'zVliß)?^ + PB for any A, B e" T, as is easily seen. Then a cohomology class

is defined, which depends only on / and not E. We define by E._ (A, T, M) the

space of all g(z) modulo C2*-1. Similarly we define PE.^tA, I\ M). Thus by

the obvious way we may define a mapping

a: £       (A, r, M) -. tf Hr, C2*" \ M)

and we know that aíPEj^A, T, M)) C PHxir, C2*"1. M) by the method similar

to that of Kra [6].

If «j, a2, ..«, «2-_j are distinct points in A, and if/ e B (A, D, then we

call

k-*i> • ••k-g2,-i) rr_AfÖ^2Wd£Kdt

z e C, a > 2, a potential for t/r, and denote it by Pot(zA).   For A e T, we define

a period of potential of Pot (t/r) by setting

pd^ Pot iip)iz) = Pot(t/»)(Az)A'(z)'-« - PottyXz),      z e C.

It is easily seen that Potty) | Q- A e PE^iO - A, T) for z/z 6 BqiA, T).  We set

«„_/*) = £ ((-l)*/!/(/ - ¿)!)z'-*D29-2-* PottyXz),      z e fl - A.
k-o

We set

(2) 9^) =

and set <S(z) = /'g(z).  We call g(z) and ®(z) column function vectors of length

n + 1 associated with Pot ty).

For each A e T, we define Y^ and Q^ by
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YA = g(Az) - MÍA)ÍZ),      z £ n - A,

and

QA = 'M(A)<3(Az)-$(z),      zefl-A,

and denote them by pd^ (g) and pd(®), respectively.  We call YA and QA pe-

riods of g and © for A e Y, respectively.   The mapping A (-> QA satisfies QAB

= lMÍB)QA + QB, for any A, B eY, as is easily seen.  Then a cohomology class

is defined, which depends only on <p.   The definition of YA, QA, etc., applies to

the case 0 - A ¡¿ 0.  These functions for the remaining case will be defined in

the remark after Lemma 4.  Similarly as above we define

ß*: BqiA,Y) -* HXÍY, C2q~x, M).

Let T. be a subgroup of Y which keeps Aj invariant, and let A be a con-

formal mapping from A   on the upper half-plane U. Set Yl - AI^A-  .  Then Tj

is a fuchsian group of the first kind.   Let  eu0 be the fundamental region defined

by Shimura [7] for Y'  in U, then we let its boundary consist of sides EA >, Eß>,

-a;(ej4i.),-b;-1(ebí),...,e^.ebs-a;(ea;),-b;-heb.),ec/,

- C[iEc[), ..., E   », - C;iEc;), Ed[, - D[iED-), • • •, ED¿, - D^ÍE^), where

A'x, B'x, C'   and D'v are generators of Y[  with relations Dk"' DiC,- '"

C,n«=1 BÍ~XA¿-1B¿A¿=1 and C** =1 ip = 1, 2, •••, /).  If we set Ax =

b-xA\h ,Bx = h-xBlb.Cll=h-xC,lih and Dv=b-lD'vhi\= I, • • •, g; p-1,...

/'; v = 1, • • • » £), then Tj is generated by Ax, Bx, C   and Dv with relations D,

...DjC^. ... ClU«=lB^1AlïBxAx =1 and Cj¡f*-1 (ft-1, •••,/). We set wQ =
A-^oj')' and set E~     -*-I(BA#), E„   «¿-»(H-A Ec   =h~lÍEr>) and E_

= h~ (EDA.   Then we easily see that cú0 is a fundamental region for Tj in Aj

whose boundary consists of E^^ Eßi,-A 1(EA),-ß-1(Eß ), •••, EA  , Eß ,

- W' - V(W- Eci> - ci(Ec1)' • • •. *,. - s»cA>r - DJ*Dlt
— • ed*'-d*(V' since -^ax)^"1^^,)), -bx(eBa) = a-H-b;(eb,)),

-C/i(Ec^) = A-H-C;(EcO) and - DVÍED) = h~xí- D'VÍED A). Since A is a

conformai mapping, the sides of   coQ consist of piecewise analytic arcs.  We set

h=B-xlA-lBxAx and T^ Sx ... Sj  (X=l, ...,g).

2. Lemmas. In this section we state some lemmas which are necessary to

prove the subsequent theorems. Many of the properties in Lemmas 2, 3, 4 and 5

below can be sumarized by saying that there is an isomorphism II2 —♦ C2q"X

which commutes with the action of Y.  However we shall state them for the sake of

later use.   For each A = (£ *) e Y, we denote by Aiz) = ioz + b)/icz + d). We

set n = 2q - 2 once and for all.
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Lemma 1.   For A eT

M(A) = /'-1Ä04))-1/'.

Proof.   We set A = (" *), ad - be = 1.   The ik, I) element of MiA) is
c   a

ZC C a2q-k-i- lrk-l-ihijj
,    ,   2<j-l-*Ci k-l^f ° bd'

1+1=1-1

The ik, I) element of MÍA) is the (/, k) element of 'Al(A), which is the (2a - /,

2a - k) element of {MiA).   Hence the Í2q - I, 2q - k) element of lMiA)l' ¡s

(3)   (-I)2«-*-1 C Y C C a21-l-k-'r-k~1~Jl,'ji
K0>   V    U 2q-2^2q-k-l   .    ^-        29-1-*    1 fc-iV C hd'

i+]=l-l

On the other hand the (2a - l,2q - k) element of /'zM(A-1) is

(4)
/_,\2zí-;-1 r y (~ c íll-'í-ilr\2q-l-\-ii   ¡\ii
Kli 2q-2^2q-l-l ¿* /-lS 2q-l-\"f KC) K-b) a'.

i+j=2q- \-k

We easily see that (3) and (4) are the same, that is,

(*Ál(A))/'=/',Vl(A-1).

For the proof .of some properties in Lemmas 2 through 4 below, see Shimura

[71.

Lemma 2.   For A, B eT,
(1) (AzAnA'(z)x-q =M(A)izAn,

(2) MiAB) = M(A)A1(B),
(3) MiA-x) = MiA)-x.

Lemma 3.   Let f e E._ (A, T) and E a representative of f, and ip e B (A, T).

Let  fiz), cúiz), g(z), XA, YA, PA and QA  be defined as in §1 with respect to E

and ip.   Then, for A, B eT,

(1) coiAz) = MiA)coiz),

(2) a-f(z) = coiz),

(3) E(z) = (l/«!)íf(z)/'(¿)'*, zeA,

(4) EÍAz)A'iz)1-« - Eiz) = (1/nl) lPAizAn, z € A,

(5) XAB=XA+U{A)XB,

(6) PottyXz) = (1/n!) «g(z)/'(*)", zeC,

(7) Potitp)iAz)A'iz)x-« - PottyXz) = (1/n!) lQAizAn, z e ii - A,

W   YAB = YAtMiA)YB>
(9) PA = /'mW1^. XA = MiA)l'-xVAx

(10) Q^ = /'aKaÍ"1^. YA = MiA)l'-x%A.

By (3) of Lemma 3 we have
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Lemma 4.   For each A e Y, XA, PA, YA and QA are all number vectors of

length 2(7 - 1.

This means that

Potitp)iAz)A'iz)x-q - Pot(z>)(z) -ti/nO lQAÇJ

fot z e C and A e Y.

Remark.   The above QA is defined in the case of Q 4 A.  However, since

Potiip)iAz)A'iz)l-q - Potiip)iz) = iz^z), vA e Tl2q_2, A e T.   z e C, we may

define QA by tz(A) = (l/rzl) 'QÁÍ*)" with QA e C2q~l. Then we easily see that

QAB = tMiB)Q'A + Q'B, A.BeY.  We set Y'A = MiA)l'-x^A.  Hereafter we take

QA to be QA and  VA  to be  Y A, and note that these definitions agree with pre-

vious ones and are valid in the case Q = A as well.

Noting the fact pointed out in the first part of this section, we have the fol-

lowing from Kra's decomposition theorem [5]> [6].

Lemma 5.   (1) HXÍY, C2q~ x, M) = aiE^^A, Y, M) + ß*iBqiA, Y));

(2)  jSHß^.rDCPf/^r.C2«-1,«).

3.  The main theorem.

Theorem 1. Let Y be a nonelementary finitely generated Kleinian group and

Aj a simply connected component of ii and set A= U^gpAÍA,). Leí fe

Ej_ (A, r), E an arbitrary representative of f and set D2.q~lE = cp, q>2. Let

ip e B (A, r). Let f(z) and g(z) be column function vectors (I) and (2) associated

with E and Pot iip), respectively, and set <3(z) = / g(zK Let pd^ f(z) = X. and

pd^ ®(z) = QA for each A eY.  Then

(I)

k

-Z*o&Dv_l...DiCr*lTUZ%Jisv),
Z>=1 *        v=i

where sv is a cusp point of Dy iu = 1, 2, • • •, k).
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Proof.   By (7) of Lemma 3 and Lemma 4, for every A eT,

(5) PottyXAz)A'(z)1-* - PottyXz) = (1/n!) tQA (*)",      z e C.

Let ^(z) be a C°°-function on A defined by Kra Í5], [6], that is, (1)  0 < 77 < 1;

(2)  for each z e A, there is a neighborhood U(z) oí z and a finite subset / of

T such that rjiAiUiz))) = 0 for each A 4 J; (3)  2y fF 7/(yz) = 1, z e A; and (4)

if t/^ e û)Q is a cusped region belonging to a puncture on A/I"1 and A is the cor-

responding transformation, then 171 B(UA) = 0 all B 6 T - [l, A}.

We set

(0o(z)\

x.    )=-£ Z ri(yz)Qy + ij ¿ Xvw j Eri(r*> '«(y)vJ,

where  V„ is defined by tM(D1)Vv - Vv = PD    iv = 1, • • •, k) and we let Xl/ 6

C°°(A, D be such that 0 < Xv < 1. Xv = * in"UDy and Xv" 0 in Ul/v l/Df

(1/ = 1, • • •, &).   Then

'M(A)0(Az)-0(2)

= -i 'MÍA) S -z^Öy + I 'M(A) S   x^f Z Viy^z) lMiy)v\
yeT v=\ \y£r '

+- E ^(y-)ôy -4 E *„<*>( E tfy*) '«(y)0
"! y7r r   "! ¿Ti Vy^r /

72 .   y£p y£p 71 .

iZx>)fZ^y^)'M(yA)0"! z/=i Vy^r 7

-\ Zx>)(/Z^)'-vi(y)0

-he»
for each A e T.
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We set

(P0iz)\      /dd0iz)/dz\

p¿z) \   Idd.izVdz

)\pniz)j       \â9niz)/dz-

Then we easily see that, for A e Y,

'MÍA)ijíÍAz)A'Íz) = piz),      z e A.

Thus for <p = D2q-xEl

ffcpiz)tpiz)(Z)"dzAdz
A/r

is well defined.

Next we show that

(6) fftiA'piztfT)"«'* A£-  ffcpiz)Xiz)2-2q ~dlÇ)dz Adz-=0.

For, since for A e Y,

«4.)(í)VW»-«-Wft)--Jr^fi)'.     -A.

by (5) we have

(7) {'BUz)^*)" - Pot(^(AzJaXz)1"« = '©(z)(*V - Potty)(z),

z e A.   By using Stokes' theorem after Bers' trick [3], (6) is equal to

(8) f     í'®iz)(ZY - Potii(>)iz)}cpiz)dz.

This is equal to zero, in fact, since its integrals along two identified sides can-

cel each other and, therefore, (8) is equal to zero, that is,

-2¿(<¿, <A) = ffcpiz) 'piz^Ydz A az.
COQ W
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On the other hand,

ff'piz^WfcYdz A az = f    Wxtf'YWdz = f    l®iz)oiz),
O)0 W Jiù>n VI/ JdCÜQ

where coiz) = tpUXp-Wz.   Then

f      'eUVaW = f     '©(zVfU)
Jdù>Q JiaiQ

+

A

¿(j¡; <0(zW-jAx(E «.w)
X=l * A

fff <®iz)dfc)- r ,    '0(z)4(^))

Now for any element A of {A v B^ l, C^ £>^ (A = 1, • « •, g; ft • 1, •»•, /; v = 1,

• • •, k),

[,„      <®iz)dfe)=L    '0(A(z)Wf(A(z))

= ¡Ba {'('.MÍA - 0©(z)) + Jj. 'i'MiA - x)QA)diMiA)fiz) + xA

so that

1, «.M») -{Ç (/^¿ '8,*) ♦ /Bsx„A '2B_,*))

Denote by «0 the starting point of EA •  Then
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g

L
X=l

+ Í 'ÔBÎ i ̂ xVx-i> - M*~ V^. x>lfC«o>
X=l        *

(9)

+ zíQC/;^s-i---cirgwao)

Zt

- Z '00^(0^,... d^.... c,r fljfy,)
v=l

\?. 'V ''Va'V ■ " V 'Vil- r1

* k

v=l K 1Z=1

For, let tp be a fixed point for C    (/t = 1, • • •, /') in u>Q.   Then

f(vM(qrM=<M(c^V+xC77,

and

m=0 ra = 0 M

On the other hand

e/^-l

Hence

C/i' 777 = 0
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E W= E 'Qc/A E*W + e\J
M 'm=0 m=0    MI

/i \   771=0 m=0 Mj

= E 'öci E -;0+ z <A E *€**&*
p. ^ \m=0 M/        p. \ m=Q *

(eP~X

2-       C„e/x    I    2-       c»»|
M \ 77Z=0 M>

We have

= E 'öc/V, -SVK)+ E Wi"ciT."

Furthermore we have

E'öD>v)-i(D1/_1--*o1S*"ciV"o))

= E V^>- E 'öD/(D-r-i)ic/--ci7'>o)
V iz

-   L  leDvXDv_i-DiCr.C,TÄ-

We denote by Ï* the sum of the first four terms of (9).  Set

"i-ZW^v^.,)-«^.^
A=l

X=l x

M=l

E
v=i

n   = y 'MÍO     , ...D C....CJ)Qn .
3      ¿- v-1 l   j 1   g ^Dv'

Then we have
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8

x=i      A '

i

N t= Y iQr r       ...r  t  ~ Qr       ...c  T )»    and
M=l

k

N3=  Z{QDv...D1Cr..ClTg-QDp_l...DïC.-ClT)>
v=l

hence N. - N2 - /V, = 0, since Dfc • • • D{C. • • • CjT   = 1, that is,

Pr>       n  ^      /- -7-   = 0.   Thus we have the desired result.   Our proof is now corn-
eo* •"'Dlc/'"clTg f
plete.

Corollary 1 (Period inequality).   Under the same assumptions as in Theorem

1 (let cP = t/0,

; f     V "I
+ H'ör    e_1 T    Xr-    ~xr r tL      S    "     ̂ ,       Cm        C)i-l-cAg\

¿1=1 L 777 = 1 ^

- ítQDyDv_l...olcr.c,r} +Z Ws4>a
v=i i/=i )

Corollary 2.   Leí Y be a fuchsian group of the first kind, and let A, = U.

Let f e PEl_q(U, Y), f* e E^_qÍU, Y), q > 2, and E, E* arbitrary representa-

tives of f and f*. respectively.  Set D2q~xE = cp and D2q~xE* = cp*.   Let  f

flzzzi  f* be column vectors of length 2q - 1  of the form (1) associated with E

and E*. respectively, and set pd^ f(z) = X^  and pdA f*(z) = X^ for each A e

Y.   Then

(^.rf).kl£¿j¿*AAx*   x -X*      1
11      (X=i      x     A\ VxTx-i      'x-i

8

+ Z  '*B ''lX*R AT -X*     I ]
(II) xTi     x     W*-1     ^WW

L'AV i'V1  Y. x*   -xt
7i   cm1 [/   ¿i   cm     W^

-¿;v^Kv_1...,1c,..cIrj+z:;xD./f(Sv)|,
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Proof.   If we set

()_(2a-l)!   ff (¿-?/2»-)2«-2¿W<TArf?       zeL

then yj e B (L, T) (Bers [3]), where L is the lower half-plane.   Set Ej(z) =

PottyXz), z e L.   Then by Bers [3], D2q'xEx = xft on L.   If for z eU, we set

E2(z) = Ej(F)   and D2«-xE2iz) = ^(z); then ^,(z) = ¡/tTJO, t/tj e BqiU, T) and

E2 6 El_giU, T).  Then t/*(z) = cqcbiz), z e U (see Kra [5, p. 554]), so that

tAj(z) = cqcb(z), z eU, where cg = (- l)?_1(2a - 2)!.  Hence E2 = c E
-H

On the other hand if for each A e T, we set pd^ (Pot (tpO) = QA and pdA i$)

p/l, then

EjÍAíM'U)1-« -E2iz) = E^AzjA'iz)1-« -£,(?)

■ír^(«)".   «<*.
and

E(Az)A'(z)1-«-E(z) = i'P/1^V,      2£U,

where ^(2^ = '  í(2^*  Hence QA = cF^.   Using Lemma 3, we have

'p^'OMÀ^OxJ

= 'XA',V1(A)-1/'

-Vt'-

Substituting these into (I), we have the desired result.   Our proof is now complete.

Remark.   By using the same method as in the proof of Theorem 2 below, we

can show that even in the case of q = 1, the above corollary remains valid.

4.   Period relations and inequalities.   By modifying Shimura's method [7],

we can prove the following theorem from Lemmas 1, 2, 3 and 4.   The proof is

omitted here.

Theorem 2 (Period relation).   Let T be the same group as in Theorem 1.

Let /j, f2 £ Ej-_ (A, r, M), a > 1 and %x, %2 arbitrary representatives of f.

and f2, respectively.   Set pdA gj = PAX) and pd^ g2 = P(A2) for each A eT,

Then
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X

g

ZtP(l^M(A-1B AT     )/'_1P(2), -MiT     )/'-lp(2)   1
*AX  lM^X   Vx'x-r       l^A^BxA)Tx_1        UX-1; Tx_^

+ Z'pn1-i[%Vi,)'''1í2ÍT    -MUr'ß/J. ^/'-ip^j ]*c-   bx 1     x x x-i        Vn-i *    x x x-i        Ax Bx x x-i

i    r e^-1       ~ 1
+ y'p«Me-1 y zMíc^/'-ípí^-AKc   , ...CT)í'-ip(?)     rT
f   iL        C^ U ¿- /Z, em ß-l lg C/X-l ClTg|

1=1      L     m=1 ^ J

*
y'p<^[m(d   ,...ic....a)i'-^) T]
¿-      D„L        v~\ 1   7 1  g Di7-1     Dlc;     cl'g

M=l

*

v=l

iz=l

Corollary 1 (Period relation for a fuchsian group).   Let Y be a ¡uchsian group

of the first kind, and let Ay = U.   Let fv f2 e Ej     (A, Y, M), q > 1, and gj, g2

arbitrary representatives of f.  and f2, respectively and set %.= I  f , and $. =

/'f 2.   Set pd^ fj = XAn azzzi pd4 \2 = XA2) /or eizery A e T.   TAe»

A=1    A\       A\ B\AxT\-\      'x-i

(HI) +I^''t^irA   ,-XA^BAT     ]
X=l * X   X X-l Ax    BxAxTx_l

y 'x»>,/' e-i y x<2> -x<2)

M=l       M      |_ 171=1       ^ ^ •     fj

+

M=l

k

-Z'X^A*^ 1...DlC....c,r]+Z^in(sv) = 0.
= * V- 1

Remark.   Especially, when <7 = 1,

X=l

For /' = 1 and X{i\x = - XA{) (z = 1, 2) for all A e Y.  This is the period rela-

tion for abe lian integrals.  We set XA = xA + z'y^, where x^  and y A are real

number vectors.

Corollary 2 (Period inequality).   Leí Y be the same group as in the above

corollary.   Let f e E._ ÍU, Y, M) and g Ae representative of f, q > 1.  Set
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g = l'y, (1/ti!)D2*- 1g(z)(pn = <piz) and rAA  f(z) = xA + iyA for every A eT.

If tb £ 0, then

(-1)"

s z r    v-i -i

Proof.   Set

$, = 7* '*       i''[*       1 -*t       1 + 51 '*n 'Vn >t  t        -»..1.  .  _       ]

e~l    T"   x       - x

*

+ S'x       /RefU;,

X = 1 «— ■*

Í/1-I

'ii    2- ycm   ycu.-i',,ci1 - Z l*o-i/'tyDv-i-Oicr-*iT«]
v=l

+ XíxD./lmí(sv),
v=\

*3 - E ^j-1'\- iWx_ t"r^* Z VtxWx-1 - ^V Wx-,]

; r       V-I "I      *

+ E'yc-i'' V1   Z  xcm-5CcM_1-c1Tg-Zi?'D-,'V-1-D1Cy-CiT;

+ Z,yD-i,,ReK)-
v = l
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; r        *u-l "I       k

+ Z'y   ./'k1 Z ycm-ycß.x-clTg\-lZ^D-/\yDv_v..oxcr
U=l ^ 777 = 1 V- J ^=1

+ Z9D-,/'lmK).

c,V

1/=1

Combining the equations (II) and (III) in the case of cp = xp ¡= 0, we have

Oi +î$2_î$3+d,4 = 2z'(-l)9-1|l<r4||2

and

$, + «'<&, +zO, - <t>. = 0.
1 2 3 4

Thus $j = $4 = 0 and $3 = - $2 = (- l)*||0||2.  Since (- 1)*<I>3 > 0, we have the

desired result.

Remark.   Especially, when 9 = 1,

s

i-^L{yBXxAx-yAxxBX)>0-

This is the period inequality for abe lian integrals.

The following result of Kra [5] is obtained from the above corollary.

Corollary 3.   Let Y be the same group as in the above corollary.   If X.   is

real for every A e Y, then X. = 0.

Proof.   In Corollary 2 to Theorem 2, we have y.    - 0, yB   = 0 (X = 1, • • •,
\ XX

g)> yc   = 0 ip = 1, • • •, /') and yD   = 0 iv = 1, • • •, k), and so cp must be zero.

Hence XA = 0.

Finally we consider meromorphic Eichler integrals.  We denote by M,     (A, Y)

the space of identified meromorphic Eichler integrals.  Then we have the following:

Theorem 3.   Leí Y be the same group as in Theorem 1.   Asstzzzze, for the sake

of simplicity, that the group has neither parabolic nor elliptic elements.   Let

f e M.     (A, Y), q > 1,   and E an arbitrary representative of f.   Let E have only

one pole at u.  in coQ with principal part il/zm), m>\.   Let E* be an arbitrary

representative of f*. f* e Ej_ (A, Y) such that D2q~xE* = cp* e B (A, Y) has

the representation cp*iz) = (cQ + c jZ + • • • )dzq about « .   Let pdA f = XA and
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pd^ f* = X Î  ¡or each A eT, where   \ and  j* are column vectors of length 2q —

1 of the form (1) associated with E and E *,  respectively.   Then

8

E K'X^/'X* -'X      ./'X*)+'ÍX\ -Xo_1)l'M(AAK*T
^ Aj^1       "x Bx *X ^X       BX *     TX-1

'(X,.,- X. )/'M(B,)X* ]- 2t7Z»!c      ,.
/lx 1 BA X     TXJ m_l

Proof.   We easily see that

ft\iz)l'(1J'(p*iz)dz = «I JbU)^*U)«/z = 2»ri»!cm_1.

By using the same way as in Theorem 2, we see that the left-side ■hand is equal

to

£ H'XA. ,/'X*r 'Xfl- i/'X*x) + ('(X^ _ XB_Al'MiAx)X*Tx_  )

+ '(*ax-i-V^(ba)xtx1-

Remark. Let A be a finite sum of nonequivalent simply connected compon-

ents Aj, A2, • • •, A , that is, A = U'_j Af, where Af 4 A(A.) (i ¿ ;') for any A

e T.   Then we obtain similar results as above.
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