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THE PERIODS OF EICHLER INTEGRALS FOR KLEINIAN GROUPS
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ABSTRACT. We shall give period relations and inequalities for Eichler
integrals for Kleinian groups T’ which have simply connected components of
of the region of discontinuity of I'. These are a generalization of those for
abelian integrals. By using the period inequality, we shall give an alternate
proof of a result of Kra.

0. Introduction. Let I' be a nonelementary finitely generated Kleinian
group, and A, a simply connected component of the region of discontinuity
of I'.

M. Eichler [4], L V. Ahlfors [2], L. Bers [3] and L. Kra [5], [6] have repre-
sented periods of Eichler integrals as polynomials of degree at most 29 - 2, 4 >
2 being an integer. By this method, however, period relations for Eichler inte-
grals are very complicated even when I' is a Fuchsian group of the first kind
(Eichler [4]). On the other hand, G. Shimura [7] has regarded the periods as col-
umn number vectors of length 2¢g — 1. In his paper he gave a certain period re-
lation for Fuchsian groups.

By using Shimura’s idea, we shall give period relations and inequalities for
Eichler integrals for Kleinian groups. These are a generalization of those for
abelian integrals. The main results in this paper are Theorems 1 and 2.

We shall state some notations in $1 and some lemmas in §2. In $3 we shall
prove Theorem 1 and in $4 we shall state the period relations and inequalities,
and give an alternate proof for the Kra resule [5].

The author wishes to express his deep appreciation to Professor L. Kra, K.
Mathumoto and K. Oikawa for encouragement and advice.

1. Notation. Throughout this paper I' denotes a nonelementary finitely
generated Kleinian group with a simply connected component A, of the region
of discontinuity & of I'. We denote by A the limit set, AM(z)|dz| the Poincaré
metric on Q. Let g > 1 be an integer. Set A = UA erA(A). It is a well-known
fact (cf. [1]) that A/T" is a Riemann surface which is obtained from a compact
Riemann surface, denoted by -571:: by deleting a finite number of points. It is
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also known that A is a (disconnected) covering surface of A/I" which ramifies
over only a finite number of points.

We denote by R” and C" n-dimensional vector spaces over R and C, respec-
tively, 7 > 0 being an integer. We regard an element in R” (C?) as a matrix with
n rows and 1 column. We consider an element of T as a matrix A = (¢ ) with
ad - bc = 1. We denote by GL(m, C) the group of m x m invertible matrices over
C. Let (%) be a vector in C?. For each n=2g - 2, we denote by ()" the vec-
tor in C**! whose components are ", a1 e w1, " where (:)0 =1,
For A €T we set (::) = A(%) and define M(4) €GL(n + 1, C) by

u n
(v:) - (2.

The following is due to Ahlfors [1]. Let A/T" =S - {p} where S is a Rie-
mann surface and p €S, If there is a punctured neighborhood M(p) of p such
that 7 is unramified over M(p), then there exists a parabolic transformation A €
I" with fixed point s € A, and there is a Mdbius transformation B with the fol-
lowing properties: (1) B(w)=s and B~14B(z)=z+1, z €C, (2) B~1(A,) con-

tains a half-plane U ={z € C|Im z > c}, for some ¢ >0, (3) two points

- lA
z) and z, of B(UB.BlAB)Bare equivalent under I" if and only if z, = A™(z,) for
some integer m, and (4) the image of B(UB-IAB) under 7 is a deleted neigh-
borhood of p homeomorphic to a punctured disk. We call Wy=Biz€C| 0<Rez
<1, Im z > c} a cusped region belonging to p.

A mapping x: T' = €29~ s called a cocycle if Xap = ‘MBlx, + X for
A, B €T, where *M(B) is the transposed matrix of M(B). A cocycle y: ' —
C22-1 js called a coboundary if there exists V € C24~! such that Xa = 'MWV
-V forany x, €C22-!, A €T". Then the first cohomology group HI(I", €29-1, y)
is the space of cocycles factored by the space of coboundaries. A cohomology
class P e H(I", C22-1, M) is called A-parabolic if, for every parabolic trans-
formation B € I' corresponding to a puncture on A/T', there isa V € C24=1 gyuch
that P = ‘M(B)V - V for some (and hence every) cocycle that represents P, The
space of A-parabolic cohomology class is denoted by PH&(F, C2a-1 ),
_ Foran mxn matrix N = @) (i=1,2,000,n j=1,2, 0+, m) matrices
i\l and N are defined by N = @) and N= (am_i“n_’.“), respectively, where
@ is the complex conjugate of a

A holomorphic function ¢ on A is called an automorphic form of weight
(~29) on A, g>1, if #A2)A'(2)? = $(z) forall A €T For g > 2 an automor-
phic form ¢ of weight (= 29) on A is called integrable if

ff Az)2=9|¢(2)| dx dy < oo,

a/r



THE PERIODS OF EICHLER INTEGRALS FOR KLEINIAN GROUPS 441

We denote the Banach space of integrable automorphic forms on A by A q(A, .
The form ¢ is called bounded if

sup{Mz)~9|4(2)| |z € A} < oo,

The Banach space of bounded automorphic forms on A is denoted by B q(A, n.
For ¢ € Aq(A, I') and Y €B q(A-, I'), we define the Petersson inner product by

6 ) = [ A2 299( 1@ dedy, g3 2.
Ajr
For ¢ = 1 we shall interpret A,(A,T) and B,(A, T') as the Hilbert space of
square integrable automorphic forms of weight (- 2) with inner product defined by

.9 = [[ pip&dxdy.

a/r

A holomorphic function E on A is called a holomorphic Eichler integral of
order (1 -¢) on A if E(A2)A"(z)"9 - E(z) eﬂzq_zon A, for all A €T", where
l'l2 a-2 is the vector space of polynomials of degree at most 29 ~ 2. We shall
say that an Eichler integral E of order 1 - g is bounded if ¢ =D??~'E ¢ B q(A, D),
where D means differentiation with respect to z. The projection of ¢ to A/T"
is then a meromorphic g-differential on A/T" with order > — (g = 1) at the punc-
tures on A/T. An Eichler integral E on A is called quasi-bounded if the pro-
jection of D24=1E o A/T" can be extended as a meromorphic g-differential to
A/T" whose order at a puncture is >-gq. The space of bounded Eichler integrals
modulo II, _, will be denoted by PE,_ o8, ). Similarly E, _ 48 ) denotes
the space of quasi-bounded Eichler integrals modulo Hz g-2°

Let f € El_q(A, I') and E a representative of { and set D24~ 1E - b. We

set
i
[ &) = 2 (DR - kY1) z7-kD2a-2-kg(Z)
k=0
and set
(2) 1
/o(z) -ncl 0
c
m fz) = /{z , 1= 2
- ° . _ncn-l
/(=) 1

~
§(z) = 1'f(z) and w(z) = #(z)($)"dz, where 2Ci= n!/ln = 1)lil. We call f(z) and
8(2) column function vectors of length 7 + 1 associated with E. For each A € I
we define X, and P 4 by
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X, = f(4z) - M(A)f(=)

and

P, = ‘M(A)HA2) - K=2)

and denote them by pd, (f) and pd, (&), respectively. We call X, and P, pe-
riods of fand §§ for A €T, respectively. The mapping A P, satisfies P, 5
='M(B)P, + P forany A, B €T, as is easily seen. Then a cohomology class
is defined, which depends only on f and not E. We define by E,_ (A, T, M) the
space of all §(z) modulo C2?~!. Similarly we define PE, _ 8 Ty M), Thus by
the obvious way we may define a mapping

a:E,_ (A, T, M) = H'T, C24=1, o)

and we know that a(PE,_ (A, T, M)) C PH'(T, C29-1, M) by the method similar
to that of Kra [6].

If a), a), e+, a),_, are distinct points in A, and ¢ € B_(A, T), then we
call

-a) . z-a,,_,) i MO2-29y(2)d¢ Na
2m A (g—z)(g—a,)---(t-azq-l)'

z €C, q > 2, a potential for ¢, and denote it by Pot(i)). For A €', we define
a period of potential of Pot(y) by setting
pd, Pot ()(z) = Pot ($)(42)A'(z)! =9 - Por(y)z), z€C.

It is easily seen that Pot(y)|Q-A € PEl_q(Q -ATD) for Y€ Bq(A, I'). We set
i

8,2 = T (D4Y/G - BN2-*D24-2-k Por (y)(z), z€Q-A.

k=0

We set
8o(2)
g,(z)

) 9(z) = .
8,(z)

g
and set 8(z) = I'g(z). We call g(z) and @(z) column function vectors of length
n + 1 associated with Pot (y).
For each A €', we define Y, and Q4 by
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Y, = oAz) - M(A)g(2), =zeQ-A,

and
0, = MA)8(Az) - 8(k), zeQ-A,

and denote them by pd, (3) and pd (8), respectively. We call Y, and Q4 pe-

riods of g and @ for A €T, respectively. The mapping A - Q, satisfies Q AB

='M(B)Q, + Qp, forany A, B €T, as is easily seen. Then a cohomology class
B’ o e e .

is defined, which depends only on . The definition of Y, . Q4, etc., applies to

the case -~ A# @. These functions for the remaining case will be defined in

the remark after Lemma 4. Similarly as above we define

p*: B (A, T) — HU(T, C29-1, M),

Let I'; be a subgroup of I" which keeps A, invariant, and let 5 be a con-
formal mappmg from A, on the upper half-plane U. Set l"' = bl h~1. Then r

is a fuchsian group of the first kind. Let o, be the fundamental region defmed
by Shimura (7] for l"l' in U, then we let its boundary consist of sides E l E
-A;(EAI'),— "‘(E PreesEgL E ;,-A (E 4 D= B,~UEL D Ec

By’

-Cl'(E 1), e -C; (E ') E D (E ') ""ED""D (E ') where
A ;, B,, C) p and D are generators of l" with relauons D,...D C cee
c,Ig A' 1BAA—landC'e”'—l(p 12---,1) IfwesetAA—

b‘lA,‘b B,\—b 'Bb, C,, _b-‘CbandD =h"ID BN =1,e00,8 p=1,0en
=1, «e+, k), then I"1 is genetaced by Ax, By, C, and D,, with relations D,
.uDlC -+« C,IE_ BY AA B\A, =1 and C;F'=1 (y 1, ...,7) Ve set w, =
b"l(a)o)andsetE \=BTUEL), Ep = b NE, W Ec,=b"HE) and E),
_b'l(E ') Then we easily see that coo isa fundamcntal region for'uFl in A
whose boundarycon51sts of E, By’ -A (E )- l(E )..., E4 , Ep
-4y )= BN, ), B e, (E Do Bl ) 'e,,.- 0., 5
...,ED, -D (E D, ) since -4 (E ) h‘l(AA(E O —B,\(E J=h" l(- k(EB,»
-C (EC) b‘l(—C (E. ')) and - D AEp ) b’l(—D (E, ')) Since b is a

conformal mappmg, thc sxdes of w, consist of piecewise analyuc arcs. We set
Sx—B-A BAAAandT-SA--.S (A—l ooo,g)

2. Lemmas. In this section we state some lemmas which are necessary to
prove the subsequent theorems. Many of the properties in Lemmas 2, 3, 4 and 5
below can be sumarized by saying that there is an isomorphism II, g2 C2a-1
which commutes with the action of I'. However we shall state them for the sake of

later use. For each A =(Z %) €T, we denote by A(z) = (az + b)/(cz + d). We
set #=2q -2 once and for all.
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Lemma 1. For AeT’
N
M(A) = I'"1(M(A) -1
Proof. We set A =(Z g), ad - bc = 1. The (k, I) element of M(A) is
2q=k-im1_k=1=jyisj
. Z 2g-1-4Ci 4=1CA T e b'd.
i4j=l=1
The (k, 1) element of M(A) is the (I, k) element of ‘M(A), which is the (29 -/,
2q - k) element of ‘M(A). Hence the (2q - I, 2q - k) element of *M(A)I’ is
(3) (~1%a-k-1 ¢ > C,, .Ca2a-1-k=ick=1-jpizj

2q=-2"2q-k-1 2g-1=-k i k=1"j
i4j=l-1

On the other hand the (2 - I, 2¢ - &) element of I'M(A~1) is
4 . o
(~1)2a-1-1 C p> C C,dl'l"(-c)2q°l- 1=i(_b)al,

2q-2C2¢-1-1 1-1%; 2g-1-1
" q iviz2a-1-k e

We easily see that (3) and (4) are the same, that is,

(51?6)1'= 1'M(A-1),

For the proof .of some properties in Lemmas 2 through 4 below, see Shimura

7.

Lemma 2. For A, BeT,

1) A=rA'e)1-1 = MAGE®,
(2) M(AB) = M(A)M(B),

(3) M(A-1) = M)~

Lemma 3. Let f €E,_ (A, T) and E a representative of [, and EBq(A, .

Let §(2), w(2), g(2), X4, Y4, P, and Q, be defined as in §1 with respect to E
and . Then, for A, B€el,

(1) olAz) = M(A)w(z),

(2) 4f(z) = w(z),

(3) E(z) =(1/n) t§(2)1 '(;)", z €A,

(4) E(A2)A'(x)!'~7 - E(2) = (1/n!) tP (30", z € A,

(5) X4p=X4 +MAXg,

(6) Pot (Y)=z) = (1/n) tg)N'()", z €C,

(7) Por (YNAz)A'(z)! =2 - Pot ()2) = (1/n1) 10, (5)", z € Q - A,
(8) Yyp=Y, +MA)Y,,

© PAB= z'ﬁ?‘,ﬁ-m. ?(A = MAN'-1P

10) 0, = I'MA- 1Y, Y, = MAN'-T,.

By (3) of Lemma 3 we have
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Lemma 4. Foreach A €T', X,, P,, Y, and Q, are all number vectors of
length 29 - 1.

This means that
Por (Y(A2)A" )17 = Pot ()(=) =(1/n1) ‘QAC)"

for z €C and A €T

Remark. The above Q A is defined in the case of # A. However, since
Pot ()(A2)A"(2)! =9 - Pot (Y)(=) = v4(2), v, €My, _,, A €T, z €C, we may
define O, by v(4) = (1/n!) 'Q,(5)" with O, € C24=1, Then we easily see that
Qap="MB)Q, +Qp, A B el Weset Yy =MAN'"'Y,. Hereafter we take
Q4 tobe Q4 and Y, tobe Y:‘, and note that these definitions agree with pre-
vious ones and are valid in the case Q = A as well.

Noting the fact pointed out in the first part of this section, we have the fol-
lowing from Kra’s decomposition theorem [5], [6].

Lemma 5. (1) H'(C, C%9=1, M) =a(g,_ (A, T, M) + B*(B (A, D);
(2) B*(B,(A, D) C PHXT, C?9=1, M),

3. The main theorem.

Theorem 1. Let T be a nonelementary finitely generated Kleinian group and
A, a simply connected component of Q and set A= UA er AQQ)). Let fe
E,_(A,T), E anarbitrary representative of { and set D¥-lE-¢, g>2. Let
/3 ﬁq(A, D). Let f(z) and g(z) be column function vectors (1) and (2) associated
with E and Pot (), respectively, and set @(z) = l'g(;f Let pd, f(z) =X, and
pd4 8(z) =Q, for each A €T'. Then

8
in! = t -
2inl(g, ¥) E QAA[XAXIBAAATx-l X"x-ll

g
+X 0

X -X 1
By BMATA-1 T Ay1B\A,Ty_,

(I) A=1
j ey -1
sEogrt E x,,
wt MUY a R CwerCiTe

k k
- ¢ [/
Vzl QDV[XDV-I'"DIC;’"'Cng]+ Zl QDuf(sy)’
= V=

where s, is a cusp point of D, (v=1, 2, «++, k).
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Proof. By (7) of Lemma 3 and Lemma 4, for every A €T,

) Pot ())(42)A'(2)} =9 = Pot (¥)(z) = (1/n!) ‘04 (i)n, zeC.

Let 7(z) be a C®-function on A defined by Kra [5], [6], that is, (1) 0< 9 <1;
(2) for each z € A, there is a neighborhood U(z) of z and a finite subset | of
I" such that 7(A(U(2))) = 0 for each A ¢ J; (3) 27 er 1y2) = 1, z € A; and (4)
if Uy € @, is a cusped region belonging to a puncture on A/T" and A is the cor-

responding transformation, then 7| B(U,) =0 all B eI" - {1, Al.

We set
6,(2)
6,(z) k
0(z) = . ———- Z 7(yz)Q., + 30 Z Sz) Zr 7(yz) ‘M(y)Vu‘i,
. v=1 ye
6,(z)

where V,, is defined by ‘M(D )V, -V, =P, (v=1,-..,k) and we let X, €
Cc™(A, l") be such that 0<xv<l xv—l in UD and ¥, =0 in Unév D;
(v=1,+++, k). Then

tM(AA(Az)- 0(z)
--1 =5 MA) 30 n(yAz)Q,, + o — ‘M(A) Z xy(Az)( Zr 7(yAz) ‘M(y)V,)
yeE

yel
1 ty
+;}!- yZel‘ U(Yz)Q,y _;'T,é xy(z)(‘)%‘ 7(yz) w(y)vv)

1 1

k
1 Z (z; nlyAz) 'M(yA)V)

yel
1 u tM(y)
-5 Elx () (yze:l‘ 7lyz) My Vv)
=;l]:_! QA:

for each A €T,
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Ve set
1olz) 00,(z)/ 0z
py(2) a0, ()/0z
D=1 J= .
p,(2) 0, (2)/9z

Then we easily see that, for A €T,

MAAZ)A ) = plz), zeA.

Thus for ¢ = D24~ 1E,

JJ ¢ a3 dz 1 a2

A/T

is well defined.
Next we show that

©  JIse) u(3) A dz - [[$ee)"2 YRz A a2 - .
@0 @9

For, since for A €T,

'®(Az)("f)"A'(z)l-q - 8(:)( j)" Lo, (j )", zeA,
by (5) we have
0 {oua () - P} ateri-a - 06)(})" - Por e,
z € A. By using Stokes’ theorem after Bers’ trick [3], (6) is equal to

®) J;wo { z@(z)(zl ) - Pot (gp)(z)}qs(z)dz.

447

This is equal to zero, in fact, since its integrals along two identified sides can-

cel each other and, therefore, (8) is equal to zero, that is,

~2i(¢, ¥) = J(;{ #(z) f,mz)(j)"dz A 4.
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On the other hand,

!!tﬂ(z)qg(z)(‘;)"dz ne-f 0)(])"$te)dz - [ o),

0
where w(z) = ¢(2)(})"dz. Then

f 10(z)w(z) = J’ '9(z)d f(z)
awo 3“’0

-= (L o OO [ 0

A=1

8
+2( 5, ‘@) - f, ey 9(z)df(e))

A=1

j
. Z_jl( fEC“ 9(z)dF(z) - fcpwc,) ‘B(z)df(z))

k
P> (fe,, e - [, o |z,

Now for any element A of {4,, B}!, CuD, (N=1,ce0,g5p=1,ce0, ;3 v=1,
o'.’k),

fie,, @D = [, OUAGNTAG)
- Jo  { a6 + L woua=1g ) aniaria) + x)
1
- Jo, i) + [, Lo e,

so that

L tﬁ(z)m(z)=-{2( [ o QadtE) [y Lo £147)

A an! ~B

1 1.
+ %: Lc#;! 'Qc#df(Z) + ; LDV o Qnydﬂz)}'

Denote by #, the starting point of E , B Then
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8
2inl(, ¥) = 3010, [MAT 'BALT, 1) - M(T, _ )] Flarg)
A=1

&
+2'% By ! MBA,T, ) - MAS BT, _)]f(ug)

i
+ 2, M€y +v T wg)
pu=1

k
9 - 20, MD,_y ++.D\C;eee €T Nilutg)
v=1

+ x -X
Z 2, A BANT-1 T

t,
+Xx 0 _Ix -X ]
’E By 1" B\ANTx-1 " “Ar1B,4,T)-1

ep,-l

+ Z’QC Z X ”' C,;-l“'ClT]

k k
¢
- Z QDV[XDV-]_"' chj“‘cng] + E tQDVf(sy)‘
v=1 v=1
For, let ¢, be a fixed point for C, (p=1,++,7) in @g. Then

fe,) = HCP @) = M(CTfCe ) + Xc;v;

and
e’u—l ey_-l
e, fe)= T MCMe)+ T X,
m=0 m=0 ”'
On the other hand
e'u,"'l
QC:” z_jo MCc -

Hence

449
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e

p-l e“-l
MC™f(e ) X
© M mz;'o . f(# ' rEO Cl""}

2 fe)= X ‘Qc#e;l{
eu-1 e,_,_-l
i % “u l{ % tQ'C#M(CZ‘)m#) + ‘QC# z_:o XC’"}

m=0 M

e#-—l e/_,,-l .
= %: lQC#(Z e;’XCﬁ>+ Z e;l< Z !QCMM(C":')T([#)>

m=0 73 m=0
ey -1
=y tQC“e;Zl( ) xcm).
M m=0 H
We have
Z ‘QC#T(C#-l cee CIT;(uO))

14 . ¢
= Z QC#M(C}L-I vee ClTe)f(uo)+ % Qcy,xc'p_-l"'clrg'
©

Furthermore we have

p> ‘QD,(f(su)_ f(Du_1 «eD/C. ... Cng(uo»
14
-3 ‘QDyﬂsv)" 5 lQD,,M(Dv-l +DC. ... Cng)f(uo)

14 v
- I ¢ .
z QDy DV-l"'DlC]'"'clT
14

Ve denote by ¥ the sum of the first four terms of (9). Set
g

- S ¢ -1
Ny ‘E (M(AA BAAATA-I)-M(TA-I»QAA

8
¢ -1
+ le MB,A,T, )= M4} BAAATA_I))QBA_,,

i
- t
NZ = z M(C#-l L Cng)QC#' and
p=1
k
= t RO ) LY
Ny=23 'MO,_,---D/C, C\T0p .

v=1

Then we have
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N, = - ), and
2= (Qc#c#_lo--cl'rg Qc#_l---c,'rg ’
m=1
. )
N, = -
3 ZI(QD,,-uch,----cng QDu-l"‘chj C T
V=

hence N, - N, - N =0, since D, -.- DlC]. ces Cng =1, that is,
QkaDIC e CyTg = 0. Thus we have the desired result. Our proof is now com-
plete.

Corollary 1 (Period inequality). Under the same assumptions as in Theorem

1 (let ¢ =),

Lls o, x =X 1+ 0 X -X ]
g - - -1
z 351 ATA BT- T le By A1 AT BAT

b1 3

i e,-1
Z'Qc e“Z X z.'xc ---CIT:I

k k
[/ “S
- ,,2 1: QDu[XDu-l’"chj"'Cng] + uzl tQD,, u) >0.

Corollary 2. Let T" be a fuchsian group of the [irst kind, and let A =U.
Let f € PE, (U, D), /*€E, (U ), 9 > 2, and E, E* arbitrary representa-
tives of f and r* respectzvely. Set D?9-1E = ¢ and D?9~1E* = ¢*. Let f
and {* be column vectors of length 2q ~ 1 of the form (1) associated with E

and E*, respectively, and set pd, fz) = X, and pd, f*(z) = X% for each A €
I". Then

g
-1 -3
(g%, ¢)=(—'-1—).q— > X l‘[x* -X¥ ]
2= A TAR AT T T
X I[X -x* ]
1y} E BTi-17 "aglaam_
-1
+ )( I X -x*
#Z—l c 1 e Z Cu-l’“cng

v-1

k
* o
= Z XD’II [X ln.chf."ClTC] + Z ‘XD‘II,T(SV)$°
v=1 v
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Proof. If we set

(g -1 21)29-24(2)d¢ Ad
Wle) = q ff -2/ - 2?25 ¢ Z zel,

then ¢y € B_(L, I") (Bers [3]) where L is the lower half-plane. Set E (2) =
Pot (qS)(Z), z € L. Then by Bers [3], D24~!E =4 on L. If for z € U we set
E,(2)=E (z) and D¥-1E () = ¢, (2); then ¥, =9(&), ¥, €B oWUs 1) and
E €E, (U I"). Then m =c ¢(z), z € U (see Kra [5, p. 554]) so that
¥, (z)_c ¢(z) z € U, where ¢ = (- 1)7-1(2g - 2)I. Hence E,=c,E.

On the other hand if for each A €T, we set pd, (Pot(¢)) =0, and pd, (%)
=P,, then

E Z(Az)A'(z)l“" -E 2(z) = EI(Z'E)A'(E)I"Q -E I(2)

=;lll_ tQ—A(i)"’ Z € U’

and

EUAG)1-0 - B) = L sz(‘;)", zeU,

~—
where $(z) =1'{(z). Hence 0, = c P4+ Using Lemma 3, we have

Van 4
Py = {I'MATDX )
Yt -1y
=X ,'MA)= 11

=X,y
==X, .l
Substituting these into (I), we have the desired result. Our proof is now complete.

Remark. By using the same method as in the proof of Theorem 2 below, we
can show that even in the case of g4 =1, the above corollary remains valid.

4. Period relations and inequalities. By modifying Shimura’s method [7],
we can prove the following theorem from Lemmas 1, 2, 3 and 4. The proof is
omitted here.

Theorem 2 (Period relation). Let T" be the same group as in Theorem 1.
Let f,, f, €E; (A M), g>1 and %1, &, arbitrary representatives of fy

and f,, respectwely. Set pdy &, = A ) and pdy §, = P( ) for each A €T,
Then
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&
- 1-1p(2 -1p
X B MAS B AT I P( ) - M1, =1 ]

-1
A=1 AX ByA\T)-1
tp(1) '-l (2) - -1 ‘-1 2
Z P 1[M(B WAL ™ P, —MATTB AT, I PA Qigag ]
2 A Ia
i eﬂ-l
p(1) -1 1152 -1 (2)
2 C# 3 M(C”')l P - M(C o CT)I Pg _1°°C1T,
m=1 ”’

k ~ )

_ tp(1) '=1p(2)
> PD,,[M(DV-I chi ClTs)' PDu-l“DlC “CIT]
v=1

k
+ 3 ‘Pt(,ly) fls )=0.
v=1
Corollary 1 (Period relation for a fuchsian group). Let I" be a fuchsian group
of the first kind, and let A, = U. Let {,, f, €E, (A M), q> L, and §,, §,
arbztrary representattves o/ fy and [, respectwely and set =1 fl and §, =
1 fz. Set PdA f, -XA and pdy T = (2) for every A €', Then

tx(l) 1[x(2) - X
Z Ayl T T -1

I + ‘X(l)l X2, -x@),
@ Pl . ByTa-1” “AglB AT g

i ~ e,u_-l
L P
+Z‘xg311 e#l > xé_ﬂ -x@ T,

C
p=1 I m=1 H “ 1 1

k
- ‘x(l) d'X@ UY'Ss ) =
VZI Dy_yeD CyrnC T+ El XpJTs,) = 0.

Remark. Especially, when q =1,

g
Z(x 1)y ) X(l)x(Z)) 0.
A=1 A A

For I'=1and X) | = X{) (i=1,2) forall A €T This is the period rela-
tion for abelian integrals. We set X, = x, +1iy,, where x, and y, are real
number vectors.

Corollary 2 (Period inequality). Let I" be the same group as in the above
corollary., Let € El_q(U, ', M) and % be representative of f, q > 1. Set
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=1'F, (1/20D22~1F()3)" = $(2) and pd, T(z) =x, + iy, for every A €T..
If 40, then

(-1)9 AT -x )
% Yagt Fagle o e
£ ~ U 0“-!
t ‘
+ L) (xBx‘xTx- TAT 1B AT +#Z Yc-x' el }: X xc“ €y T,

k
~ A o~ ,
- Zl ‘)'D;ﬂ [ny-l'"DlCi"'clrgl + uzl yD;l' (Ref(sv)gl> 0.
V= -

Proof. Set
8 g
I'lx —x ]
-] -1
2=: AR IBANT L El Bx Aa-1" TA7'BA,T
i e# 1 &
x [}
+ Z‘x -|I e z X__=Xc  _..C Z Y -1' [xD D CiveeC T
C cm ne-1 l vel 1€C; 1Tg
u=1 m=1 K vel

k
+ 5 IR ),
v=1 v

£ e
o1 “yn_ ’[Y Y41 ]
; X b“xlB ATa-1 "=t E:x B\A\Ta-1" A5 1B,A,Ty )
C“ 1 k
t"' 1
Z -[' e Zl ycz, )'CM 1°C1 T, Z 1’ [yDv-l"'DlCi"‘cng]
m=
k
’
+ ¥ ‘xD_,I Imf(s ),
v=1 v
e . . :
+ I'{x -X
Z “‘A 'ByATA-1 “*ny) le YBy YB\ANTA-1 T TAr1B\A\T
i e“-l
[ '
+ z yC;l’ Z xcm xC# 1°C1 T Z)’D-—l’["ou 1+°DC; ...Cl-r]
u=1 m=1

k
+ Y ‘;D;ll'Re fis, )
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8 8
¢ - v I - + 5o -y .-
4 ?l Yag! [yAile“xTx-l Ty 2 Yy Uit y"xlBAAxTx-xl

f G#—l k
(v "n,-1 [ '
+ I'le > - - 1
Z }'C;l u )’Cm ycu-l"'cng Z )'D;1 [yDV-I"'DICi"'Cng]
u=1 m=1 H v=1

k
+ z ";D_Illlmf(su).
v=1 v

Combining the equations (II) and (III) in the case of ¢ = ¢ £ 0, we have
. . . -1 2
e, +i®,- z@s +0, = 2i(-1)2-1|¢|
and
®, +i0, +z'(l)3 -0, =0

Thus @, =®,=0and &, =-0,=(~ 1)?| 4|12, Since (- 1)¥®, > 0, we have the
desired result.
Remark. Especially, when ¢ =1,

g
(-1 El (yBAxAA - yAxka) > 0.

This is the period inequality for abelian integrals.
The following result of Kra [5] is obtained from the above corollary.

Corollary 8. Let I" be the same group as in the above corollary. If X, is
real for every A €T, then X, = 0.

Proof. In Corollary 2 to Theorem 2, we have Ya, = 0, Y, = 0=1, ...,
g)s )'c“= 0(u=1,+++,7) and ¥p,=0(w=1,+++, ), and so ¢ must be zero.
Hence X, = 0.

Finally we consider meromorphic Eichler integrals. We denote by M l-q(A’ )]
the space of identified meromorphic Eichler integrals. Then we have the following:

Theorem 3. Let T" be the same group as in Theorem 1. Assume, for the sake
of simplicity, that the group has neither parabolic nor elliptic elements. Let
fe€ Ml_q(A, ), ¢ >1, and E an arbitrary representative of {. Let E have only
one pole at u, in wy with principal part (1/z™), m > 1. Let E* be an arbitrary
representative of [*, f* € El_q(A, ) such that D?3-1E* = ¢* € Bq(A, ) has

the representation ¢*(z) = (co +C,2 + «ee)dz? about u,. Let pd, f=X, and
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pd4 [* =X} for each A €T, where [and [* are column vectors of length 2q -
1 of the form (1) associated with E and E*, respectively. Then

8
Y ’ *—"\c ro% qS -fv ’ *
E:I[( Xppt!'Xp,= K po! Xp)+ X g, xB’_‘_l)m(/ﬂL,\)th_l

°x _% ' * .
(XA{I XBA)I M(BA)XTX] - 2minle .

Proof. We easily see that

n
J"f(z)l'(;) ¢*(z)dz = n!fE(z)qS*(z)dz = 2minlc, ..
By using the same way as in Theorem 2, we see that the left-side hand is equal
to

8
X Ix* _ ity x* (x  _ ¥ ' *
le [ Xyp 1! Xp- Xppl Xa)+ (X, - Xpo DI'MADXT, )
= X, _y - X g I'M(BX?
T apr T %8y, A T,J'

Remark., Let K be a finite, sum of nonequivalent simply connected compon-
ents Ay, Ay, -++, A, thatis, A= U:.___l A, where A, # A(A}.) (i £7) for any A
€. Then we obtain similar results as above.
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